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Abstract
In this paper we have introduced the notion of ∗− Ricci flow and shown
that ∗− Ricci soliton which was introduced by Kakimakamis and Panagiotid
in 2014, is a self similar soliton of the ∗− Ricci flow. We have also find the
deformation of geometric curvature tensors under ∗− Ricci flow. In the last
two section of the paper, we have found the ℑ-functional and ω− functional
for ∗− Ricci flow respectively.
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1 Introduction
Ricci flow has been a well known tools of mathematics for last fifteen years after G.
Perelman [1] has used it to prove Poincare conjecture in 2003[2]. Sience then the
subject has been enriched by many renowned mathematicians.
A self similar solution to the Ricci flow equation is called Ricci soliton. i.e In differ-
ential geometry, a complete Riemannian manifold (M, g) is called a Ricci soliton if
and only if there exists a smooth vector field V such that
£V + 2S = λg; (1.1)
where λ is a constant, S and £ denote Ricci curvature tensor[3] and Lie derivative
respectively.
The ∗− Ricci tensor and ∗− scalar curvature of M respectively are defined by
Ric∗(X, Y ) = Σ2n+1i=1 R(X, ei, φei, φY ) and r
∗ = Σ2n+1i=1 Ric
∗(ei, ei) for X, Y ∈ TM
Tachibana [7] has introduced the notion of ∗− Ricci tensor on almost Hermitian
2manifolds and Hamada [9] use this notation of ∗− Ricci tensor to almost contact
manifold defined by
S∗(X, Y ) =
1
2
trace(Z → R(X, φY )φZ) (1.2)
for any X, Y ∈ χ(M); where χ(M) is the Lie algebra of all vector fields on M .
In 2014 Kakimakamis and Panagiotid [8] introduced the concept of ∗− Ricci solitons
within the frame work of real hypersurfaces of complex space form.
A Riemannian metric g on a manifold M is called a ∗− Ricci soliton if there exists
a constant λ and a vector field V such that
£V g + 2S
∗ + 2λg = 0 (1.3)
We have defined ∗− Ricci flow as follows
∂g
∂t
= −2S∗(X, Y ) (1.4)
In this paper, we have shown that just like Ricci soliton; ∗−Ricci soliton is a self-
simmilar soltion of the ∗− Ricci flow. We have also find the deformation of geomet-
ric curvature tensors under ∗− Ricci flow.
Propostion 1.1:
Defining ¯g(t) = σ(t)φ∗t (g) + σ(t)φ
∗
t (
∂g
∂t
) + σ(t)ϕ∗t (£Xg). we have
∂gˆ
∂t
= σ´(t)ψ∗t (g) + σ(t) + ψ
∗
t (
∂g
∂t
) + σ(t)ψ∗t (£Xg) (1.5)
. Proof: This follows from the definition of Lie derivative. If we have a metric g, a
vector field Y and λ ∈ R such that
− 2Ric∗(g0) = £Y g0 − 2λg0
then after setting g(t) = g0 and σ(t) = 1−2λt and then integrating the t− dependent
vector filed X(t) = 1
σ(t)
Y. To give a family of deffeomorphism ψt with ψ0 the identity
then g¯ defined previously is a Ricci flow with
g¯ = g0
∂g¯
∂t
= σ′(t)φ∗t (g0) + σ(t)φ
∗
t (£Xg0)
= φ∗t (−2λg0 +£Y g0) = φ
∗
t (−2Ric
∗(g0)) = −2Ric
∗(g¯)
Proposition 1.2:
Under ∗−Ricci flow
g(
∂
∂g
∇XY, Z) = −2(∇XS
∗)(Y, Z) + 2S∗(Y,∇XZ) + 2S
∗(∇XY, Z)
3Proof: ∂
∂t
∇XY = pi(X, Y )
g(
∂
∂t
∇XY, Z) = g(pi(X, Y ), Z) (1.6)
Again g( ∂
∂t
∇XY, Z) =
∂
∂t
g(∇XY, Z)−
∂g
∂t
(∇XY, Z)
g(pi(X, Y ), Z) =
∂
∂t
g(∇X , Z) + 2S
∗(∇XY, Z) (1.7)
Again
Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ) (1.8)
From (1.6) we have
g(pi(X, Y ), Z) =
∂
∂t
[Xg(Y, Z)− g(Y,∇XZ)] + 2S
∗(∇XY, Z)
g(pi(X, Y ), Z) = X
∂g
∂t
(Y, Z)− (
∂g
∂t
)(Y,∇XZ) + 2S
∗(∇XY, Z)
or
g(pi(X, Y ), Z = −2(∇XS
∗)(Y, Z) + 2S∗(Y,∇XZ) + 2S
∗(∇XY, Z)
i.e.
g(
∂
∂g
∇XY, Z) = −2(∇XS
∗)(Y, Z) + 2S∗(Y,∇XZ) + 2S
∗(∇XY, Z) (1.9)
2 The ℑ-functional for the ∗-Ricci flow
Let M be a fixed closed manifold, g is a Riemannian metric and f is a function
defined on M to the set of real numbers ℜ.
Then the ℑ-functional on pair (g, f) is defined as
ℑ(g, f) =
∫
(−1 + |∇f|2)e−fdV. (2.1)
Now we establish how the ℑ-functional changes according to time under ∗-Ricci
flow.
Theorem 2.1:
In ∗-Ricci flow, the rate of change of ℑ-functional with respect of time is given by
d
dt
ℑ(g, f) =
∫
[−2Ric∗(∇f,∇f)−2∂f
∂t
(∆f−|∇f |2)+(−1+|∇f |2)(−∂f
∂t
+1
2
tr ∂g
∂t
)]e−fdV
where ℑ(g, f) =
∫
(−1 + |∇f|2)e−fdV.
4Proof:
∂
∂t
|∇f |2 =
∂
∂t
g(∇f,∇f) =
∂g
∂t
(∇f,∇f) + 2g(∇
∂f
∂t
,∇f). (2.2)
So using proposition 2.3.12 of [5] we can write
d
dt
ℑ(g, f) =
∫
[
∂g
∂t
(∇f,∇f) + 2g(∇
∂f
∂t
,∇f)]e−fdV
+
∫
(−1 + |∇f |2)[−
∂f
∂t
+
1
2
tr
∂g
∂t
]e−fdV.
(2.3)
Using integration by parts of equation(2.2),we get
∫
2g(∇
∂f
∂t
,∇f)e−fdV = −2
∫
∂f
∂t
(∆f − |∇f |2)e−fdV. (2.4)
Now putting (2.4) in (2.3), we get
d
dt
ℑ(g, f) =
∫
[
∂g
∂t
(∇f,∇f)− 2
∂f
∂t
(∆f − |∇f |2)
+(−1 + |∇f |2)(−
∂f
∂t
+
1
2
tr
∂g
∂t
)]e−fdV.
(2.5)
Using (1) in (2.5), we get the following result for conformal Ricci flow, as
d
dt
ℑ(g, f) =
∫
[−2Ric∗(∇f,∇f)− 2
∂f
∂t
(∆f − |∇f |2)
+(−1 + |∇f |2)(−
∂f
∂t
+
1
2
tr
∂g
∂t
)]e−fdV.
(2.6)
Hence the proof.
3 ω-entropy functional for the ∗- Ricci flow
Let M be a closed manifold, g is a Riemannian metric on M and f is a
smooth function defined from M to the set of real numbers ℜ. We define ω-entropy
functional as
ω(g, f, τ) =
∫
[τ(R∗ + |∇f |2) + f − n]udV (3.1)
where τ > 0 is a scale parameter and u is defined as u(t) = e−f(t) ;
∫
M
udV = 1.
We would also like to define heat operator acting on the function f :M×[0, τ ] −→ ℜ
by ♦ := ∂
∂t
−∆ and also, ♦∗ := − ∂
∂t
−∆+R∗, conjugate to ♦.
We choose u, such that ♦∗u = 0.
5Now we prove the following theorem.
Theorem 3.1: If g, f , τ evolve according to
∂g
∂t
= −2Ric∗ (3.2)
∂τ
∂t
= −1 (3.3)
∂f
∂t
= −∆f + |∇f |2 − R∗ +
n
2τ
(3.4)
and the function v defined as v = [τ(2∆f − |∇f |2 +R∗) + f − n]u, then the rate of
change of ω-entropy functional for conformal Ricci flow is dω
dt
= −
∫
M
♦∗v, where
♦∗v = 2u(∆f − |∇f |2 +R∗)−
un
2τ
− v − uτ [4 < Ric∗, Hessf >
−2g(∇|∇f |2,∇f) + 4g(∇(∆f),∇f) + 2|Hessf |2].
Proof:
♦∗v = ♦∗(
v
u
u) =
v
u
♦∗u+ u♦∗(
v
u
).
we have defined previously that ♦∗u = 0,
so ♦∗v = u♦∗( v
u
)
♦∗v = u♦∗[τ(2∇f − |∇f |2 +R∗) + f − n].
We shall use the conjugate of heat operator, as defined earlier as♦∗ = −( ∂
∂t
+∆−R∗).
Therefore ♦∗v = −u( ∂
∂t
+∆−R∗)[τ(2∆f − |∇f |2 +R∗) + f − n]
⇒ u−1♦∗v = −( ∂
∂t
+∆)[τ(2∆f−|∇f |2+R∗)]−( ∂
∂t
+∆)f−[τ(2∆f−|∇f |2+R∗)+f−n]
using equation (3.3), we have
u−1♦∗v = (2∆f − |∇f |2 +R∗)− τ(
∂
∂t
+∆)(2∆f
−|∇f |2 +R∗)−
∂f
∂t
−∆f −
v
u
.
(3.5)
Now ∂
∂t
(2∆f − |∇f |2 +R∗) = 2 ∂
∂t
(∆f)− ∂
∂t
|∇f |2
using proposition (2.5.6) of [5], we have
∂
∂t
(2∆f − |∇f |2 +R∗) = 2∆
∂f
∂t
+ 4 < Ric∗, Hessf >
−
∂g
∂t
(∇f,∇f)− 2g(
∂
∂t
∇f,∇f).
6Now using the ∗−Ricci flow equation (1), we have
∂
∂t
(2∆f − |∇f |2 +R∗) = 2∆
∂f
∂t
+ 4 < Ric∗, Hessf >
+2Ric∗(∇f,∇f)− 2g(
∂
∂t
∇f,∇f).
(3.6)
Using (3.4) in (3.6), we get
∂
∂t
(2∆f − |∇f |2 +R∗) = 2∆(−∆f + |∇f |2 − R∗ +
n
2τ
)
+4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)− 2g(
∂
∂t
∇f,∇f).
(3.7)
Now let us compute
∆(2∆f − |∇f |2 +R∗) = 2∆2f −∆|∇f |2. (3.8)
Using (3.7) and (3.8) in (3.5) we obtain after a brief calculation
u−1♦∗v = (2∆f−|∇f |2+R∗)−τ [−2∆2f+2∆|∇f |2+4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)
−2g( ∂
∂t
∇f,∇f) + 2∆2f −∆|∇f |2]− ∂f
∂t
−∆f − v
u
= ∆f − |∇f |2 +R∗ − τ [∆|∇f |2 + 4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)
− 2g( ∂
∂t
∇f,∇f)]− ∂f
∂t
− v
u
= ∆f − |∇f |2 +R∗ − τ [∆|∇f |2 + 4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)
− 2g( ∂
∂t
∇f,∇f)] + ∆f − |∇f |2 +R∗ − n
2τ
− v
u
= 2(∆f−|∇f |2+R∗)− n
2τ
− v
u
−τ [∆|∇f |2+4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)
− 2g( ∂
∂t
∇f,∇f)]
u−1♦∗v = 2(∆f − |∇f |2 +R∗)− n
2τ
− [τ(2∆f − |∇f |2 +R∗) + f − n]− τ [∆|∇f |2
+ 4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)− 2g( ∂
∂t
∇f,∇f)]
u−1♦∗v = 2(∆f − |∇f |2 +R∗)−
n
2τ
− f + n− τ [2∆f − |∇f |2 +R∗
+∆|∇f |2 + 4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)− 2g(∇
∂f
∂t
,∇f)]
(3.9)
using (3.4), we get
u−1♦∗v = 2(∆f − |∇f |2 +R∗)−
n
2τ
− f + n− τ [2∆f − |∇f |2
+R∗ +∆|∇f |2 + 4 < Ric∗, Hessf > +2Ric∗(∇f,∇f)
−2g(∇(−∆f + |∇f |2 +
n
2τ
− R∗),∇f)].
(3.10)
7We can rewrite (3.10) in the following way
u−1♦∗v = 2(∆f − |∇f |2 +R∗)−
n
2τ
− f + n− τ [2∆f − |∇f |2 +R∗
+4 < Ric∗, Hessf > −2g(∇|∇f |2,∇f) + 4g(∇(∆f),∇f)]
+τ [−∆|∇f |2 − 2Ric∗(∇f,∇f) + 2g(∇(∆f),∇f)]
(3.11)
and using Bochner formula in (3.11) and simplifying, we get
u−1♦∗v = 2(∆f−|∇f |2+R∗)− n
2τ
−f+n−τ [2∆f−|∇f |2+R∗+4 < Ric∗, Hessf >
− 2g(∇|∇f |2,∇f) + 4g(∇(∆f),∇f)]− 2τ |Hessf |2
⇒ u−1♦∗v = 2(∆f − |∇f |2 +R∗)− n
2τ
− [τ(2∆f − |∇f |2 +R∗) + f − n]
−τ [4 < Ric∗, Hessf > −2g(∇|∇f |2,∇f)+4g(∇(∆f),∇f)]−2τ |Hessf |2
i.e.
u−1♦∗v = 2(∆f − |∇f |2 +R∗)−
n
2τ
−
v
u
− τ [4 < Ric∗, Hessf >
−2g(∇|∇f |2,∇f) + 4g(∇(∆f),∇f)]− 2τ |Hessf |2.
(3.12)
So finally we have
♦∗v = 2u(∆f − |∇f |2 +R∗)−
un
2τ
− v − uτ [4 < Ric∗, Hessf >
−2g(∇|∇f |2,∇f) + 4g(∇(∆f),∇f) + 2|Hessf |2].
(3.13)
Now using remark (8.2.7) of (5), we get
dω
dt
= −
∫
M
♦∗v.
So the evolution of ω with respect to time can be found by this integration.
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